We develop a relativistic mean field (RMF) description of deformed nuclei with the pairing correlations in the BCS approximation. The treatment of the pairing correlations for nuclei with the Fermi surface being close to the threshold of unbound states needs a special attention. To this end, we take the delta function interaction for the pairing interaction with the hope to pick up those states with the wave function being concentrated in the nuclear region and perform the standard BCS approximation for the single particle states generated by the RMF theory with deformation. We apply the RMF + BCS method to the Zr isotopes and obtain a good description of the binding energies and the nuclear radii of nuclei from the proton drip line to the neutron drip
§1. Introduction
It is our strong desire to treat all the nuclei including the unstable ones from the proton drip line to the neutron drip line. The relativistic mean field (RMF) theory has been used to calculate these nuclei with one parameter set in all the mass regions.
1), 2), 3) We have to include the deformation and the pairing correlations for a suitable description of finite nuclei. There is an extended study of all the even-even mass nuclei in the entire mass region by Hirata et al. including only the deformation. 4) This calculation provides a good account of all the nuclei and indicate that almost all nuclei except for the ones with most of the magic numbers are deformed. This calculation, however, does not include the pairing correlations, since the conventional BCS treatment with the constant interaction is not able to handle the case, where the Fermi surface is close to the unbound threshold.
4)
The pairing correlations, on the other hand, are treated nicely in the framework of the relativistic Hartree-Bogoliubov (RHB) method by Meng et al. 5 ), 6) They can treat nuclei near the unbound threshold in the RHB framework. They solve the RHB equation in the coordinate space with a box boundary condition. This calculation is, however, limited to spherical nuclei. This method has been applied to many proton magic nuclei and able to provide many interesting features as the giant halo where the neutron density distribution extends far away from the nuclear radius. The calculation, however, takes too much time and we are not able to calculate many nuclei in a systematic manner.
Recently, there was an interesting suggestion made by Yadav et al. that the use of the delta function interaction in the BCS formalism with a proper introduction of the box boundary condition can provide a good description of the proton magic nuclei. 7) The comparison of the calculated results in the RMF+BCS method with those of the RHB framework came out to be very close for these proton magic nuclei with the spherical shape. The justification of this method was provided by Sandulescu et al. by solving the resonance states and taking into account the width effect exactly in the non-relativistic Skyrme Hartree-Fock framework. 8) It is very interesting, therefore, to use this prescription for deformed nuclei.
The RMF theory was extended to treat deformed nuclei by Gambhir et al. 9) They expand the nucleon wave functions and the meson mean fields in terms of the harmonic oscillator wave functions. We take this method for the mean field part and replace the BCS part with the constant interaction and the pairing window by the one with the delta function interaction. The fact that we use the nuclear wave functions, in particular, we take the overlap between the occupied and unoccupied states may pick up states in the continuum having wave functions concentrated in the nuclear region. This method, at least, worked for the spherical nuclei and may work also for the deformed case. We menton that the relativistic Hartree-Bogoliubov theory was worked out using the expansion method for deformed nuclei.
10)
In this paper, we formulate the RMF theory with the BCS method for the pairing correlations. In Sec. 2, we provide the RMF formalism with the deformation and the pairing. In Sec. 3, we apply the method to the Zr isotopes from the proton drip line to the neutron drip line. We compare the calculated results with the ones with the spherical shape and without the pairing correlations. In Sect. 4, we provide the summary of the present work. §2. RMF with deformation and pairing
We write here the formulation of the RMF theory with the deformation and the pairing correlations. We take the model Lagrangian density with nonlinear terms both for σ and ω mesons as described in detail in Ref.
, 2) which is given by
where the field tensors of the vector mesons and of the electromagnetic field take the following form:
and other symbols have their usual meaning.
The classical variational principle leads to the Dirac equation:
for the nucleon spinors and
for the mesons, where V (r) represents the vector potential:
and S(r) is the scalar potential
For the mean-field, the nucleon spinors provide the corresponding source terms:
where the summations are taken over the valence nucleons only. It should be noted that as usual, the present approach neglects the contribution of negative energy states, i.e., nosea approximation, which means that the vacuum is not polarized. 
Axially symmetric case
The RMF theory was extended to treat deformed nuclei with axially symmetric shapes by Gambhir et al. 9) To unify the notation, here a brief review of RMF for axially deformed nuclei will be given.
Many deformed nuclei can be described with axially symmetric shapes. In this case, rotational symmetry is broken, and therefore the total angular momentum, j, is no longer a good quantum number. However, the densities are still invariant with respect to a rotation around the symmetry axis, which shall be assumed to be the z−axis in the following. It then turns out to be useful to work with the cylindrical coordinates, x = r ⊥ cos ϕ, y = r ⊥ sin ϕ and z. For such nuclei the Dirac equation can be reduced to a coupled set of partial differential equations in the two variables z and r ⊥ . In particular, the spinor ψ i with the index i is now characterized by the quantum numbers, Ω i , π i , and t i , where Ω i = m l i + m s i is the eigenvalue of the symmetry operator J z , π i is the parity and t i is the isospin. The spinor can be written in the form
The four components f For nuclei with time reversal symmetry, the contributions to the densities of the two time reversed states i andī are identical. Therefore, we find the densities
and, in a similar way, ρ 3 and ρ c . The sum i > 0 runs only over the states with positive Ω i -values. These densities serve as sources for the fields φ = σ, ω 0 , ρ 00 , and A 0 , which are determined by the Klein-Gordon equation in cylindrical coordinates.
For the solution of the RMF equations the basis expansion method is used. We follow closely the details, presentation and the notations of ref. 
Imposing volume conservation, the two oscillator frequencies ω ⊥ and ω z can be expressed in terms of a deformation parameter, β 0 :
β 0 , and
The basis is now determined by the two constants ω 0 and β 0 . The eigenfunctions of the deformed harmonic oscillator potential are characterized by the quantum numbers, |α = |n z , n r , m l , m s , where m l and m s are the components of the orbital angular momentum and of the spin along the symmetry axis. The eigenvalue of J z , which is a conserved quantity in these calculations, is Ω = m l + m s . The parity is given by π = (−) nz+m l .
The eigenfunctions of the deformed harmonic oscillator can be written explicitly as 
The quantum numbers α max and β max are chosen in such a way that the corresponding major quantum numbers N = n z + 2n ρ + m l are not larger than N F + 1 for the expansion of the small components, and not larger than N F for the expansion of the large components.
Pairing with delta function interaction
Based on the single-particle spectrum calculated by the RMF method described above, we perform a state-dependent BCS calculations.
13), 14) The gap equation has a standard form for all the single particle states. i.e. 14) where ε k ′ is the single particle energy and λ is the Fermi energy, whereas the particle number condition is given by 2
In the present work we use for the pairing interaction a delta force, i.e.,
with the same strength V 0 for both protons and neutrons. Apart from its simplicity, the applicability and justification of using such a δ-function has been recently discussed in 15) and references therein, whereby it has been shown in the context of HFB calculations that the use of a delta force in finite space simulates the effect of finite range interaction in a phenomenological manner. The pairing matrix element for the δ-function force is given bȳ
with the pairing energy defined by
, the gap equations (2 . 14) and the total particle number N for a given nucleus are self-consistently solved by iteration. §3. Numerical calculation for Zr isotopes
We apply the formalism to the Zr isotopes from the proton drip line to the neutron drip line. For the RMF Lagrangian, we take the A-dependent parameter set TMA. Since in many nuclei we have several solutions at different equilibrium deformations with similar energies, it is difficult to select the ground-state configuration uniquely. What we decide to do here is as follows. First we take the results of the constrained calculations 18) on the quadrupole moment, Q 20 , to obtain all possible ground state configuration in the framework of RMF. 4) We will see later that the deformation parameters from RMF calculations are indeed good guesses even after the pairing interaction is included. Second we perform non-constrained calculations in the RMF+BCS framework starting from the deformation parameter of the deepest minimum of the energy curve of each nucleus as an initial guess and obtain the deformation and other observables as final values.
In the calculation of the Zr isotopes, the number of shells taken into account is 14 for both fermions and bosons. Following Ref., 9) we fix ω 0 = 41A −1/3 for fermions. In what follows we discuss the details of our calculations and the numerical results for the Zr isotopes.
Binding energy per nucleon and two neutron separation energy
The two neutron separation energy, S 2n , defined as,
is quite a sensitive quantity to test a microscopic theory, where B(Z, N) are the binding energies of nuclei with the proton number, Z, and the neutron number, N. The two neutron separation energy becomes negative when the nucleus becomes unstable against the two neutron emission. Hence, the drip line nucleus for a corresponding isotope chain is the one before the nucleus with the negative S 2n . In Fig. 1 and Fig. 2 20) predicted that the drip-line nuclei for Zr isotopes is 140 Zr. We obtain also the drip-line nuclei being predicted to be 140 Zr.
Root mean square neutron radii
The root mean square neutron radii are other important basic physical quantities to describe the neutron-rich nuclei as well as the two neutron separation energies. In the mean field theory, the root mean square (rms) neutron radii can be directly deduced from the neutron density distributions, ρ n :
In Fig. 3 , the root mean square neutron radii of Zr nuclei are presented. Although calculation is done with the assumption of spherical shapes, the results of RCHB 20) are also shown as comparison. Two interesting features are clearly seen. First, the so-called gianthalos 20) are obtained ( 124 Zr ∼ 138 Zr). Second, nuclei with large absolute β 2m values (see Table. I and Fig. 6 Another thing we note here is, despite of the second effect mentioned above, for the so-called giant-halos, the present work gives relatively small values for the root mean square neutron radii. This should be due to the harmonic oscillator basis we take for the calculations of the deformed nuclei. This deficiency will be worked out in the near future, although a lot of effort is necessary to change the numerical method. Nevertheless, despite of the small discrepancies for giant-halos, the present work provides a good agreement with the RCHB 20) results and can give a reliable prediction of rms neutron radii to all the nuclei from the proton drip-line to the neutron drip-line.
Single particle states and their occupation probabilities
One interesting feature of exotic nuclei is the contribution from the continuum due to the pairing correlations. In this context, it is definitely very interesting to see how different are the contributions from the continuum between the calculations with constant pairing interactions and the calculations with delta function interaction. We present the occupation probabilities of neutron single particle states for two cases; the delta function interaction and the constant pairing interaction usually used in the BCS framework. In the constant pairing calculation, we take G n = 12.0/A and G p = 30.0/A, where A is the mass number of 124 Zr, and the pairing window as ε i − λ ≤ 2(41A −1/3 ). 9) Here, we take different pairing strengths, G, for protons and neutrons in order to get similar gap energies, ∆, with the ones of the delta function interaction. In Fig. 4 , we show the occupation probabilities of 124 Zr for the neutron levels near the Fermi surface, i.e., in the interval −10 ≤ E s.p. ≤ 8 MeV. The results of delta function interaction and constant pairing calculations are plotted respectively on the left and right panels. Since in our calculation, 124 Zr is almost spherical, we denote the corresponding spherical quantum number on the left panel. We see all the spherical shell model states with small spin-orbit splitting in the positive energy region. They are all resonance states supported by the centrifugal potential. A resent resonant RMF+BCS calculation 21) shows a quite similar spectra for 124 Zr. It is seen that the contributions from the continuum states are very important. We see clearly that the BCS calculation with the delta function interaction can pick up more the continuum states which has larger localization within the nuclear region, which correspond to resonance states. While in the constant pairing case, the occupation probabilities decrease monotonously with increasing single particle energy. To see this point more clearly, we plot the corresponding resonant wave function f in Fig. 5 . It is easily seen that these states do have similar behaviors as bound states.
We point out an interesting feature of the vacancy between E ≈ 2MeV and E ≈ 5MeV in the single particle spectra in the continuum seen in both calculations. If we perform calculations of the single particle states in the coordinate space using the box boundary condition instead of the harmonic oscillator expansion method, we would get many states in the continuum. They are so called scattering states, which have small probabilities in the nuclear region. We do not get these scattering states at least in the region of several MeV excitation energy in the continuum. Hence, those single particle states near the continuum threshold do have large probabilities in the nuclear region and contribute to the pairing correlations in the nuclei close to the neutron drip line.
This unique feature of the delta function interaction in the BCS method is essential for the study of the drip-line nuclei, where the Fermi energy is close to the threshold to the continuum. In this case, we have to estimate correctly the coupling between the bound states and the continuum states in order to pick up the resonance states, which have large amplitudes in the nuclear region. This would justify us to use such a simple RMF+BCS model to study all the nuclei including the unstable ones from the proton drip-line to the neutron drip-line as already demonstrated for the spherical case by Yadav et al. 
Effect of pairing on the deformation
The quadrupole moments of proton, neutron and nucleon distributions are calculated by
where Y lm is the spherical harmonics with l being multi-polarity. The index i = p, n, m denotes the expectation values with respect to the proton, neutron and nucleon distributions, respectively.
The deformation parameters are defined in terms of the liquid drop model with uniform density. We expand the sharp surface of the liquid drop as 
The deformation parameters, β 2p and β 2n , are similarly given by
In the above procedure to extract β λi , we keep the linear relations between the moments and the deformation parameters so that one can easily reproduce the moments from the deformation parameters in the tabulation. As for the determination of the deformation parameters keeping higher order of terms of β λi , we refer the description in Ref.
22)
We show in Fig.6 , the quadrupole deformation, β 2m , for both the deformed RMF calculation and the deformed RMF+BCS calculation. It is easily seen that the pairing effect can reduce the deformation of nuclei. More specifically, for some nuclei whose |β 2m | < 0.2 in the RMF calculation, i.e., 88 Zr and 118 Zr ∼ 124 Zr, the deformations are removed almost completely. While for other largely deformed nuclei (β 2m > 0.3), β 2m are reduced somewhat, although not so much as their weakly deformed counterparts. §4. Conclusion
We have formulated the RMF theory with deformation and pairing. Deformed nuclei are calculated usually using the expansion method in terms of the harmonic oscillator wave functions with the pairing correlations being treated using the constant pairing with pairing window. This method is, however, not applicable for the case of nuclei close to the neutron and proton drip lines due to the increasing importance of the resonance states in the continuum. We have introduced therefore the delta function interaction for the pairing interaction with the hope to introduce the state dependence to the pairing matrix elements, since the delta function description was demonstrated to work for the spherical nuclei.
In this paper, to demonstrate the method is applicable, we have applied the RMF method with the delta function interaction to the Zr isotopes from the proton drip line to the neutron drip line with the deformation. We have calculated the binding energies, the neutron radii, the deformations and the gap energies of these nuclei. We have shown the two neutron separation energies as a function of the mass number. The comparison of the present results with experimental separation energies is good for the two neutron separation energies. The effect of deformation is visible in this quantity due to the large variation of the deformation as a function of the mass number. The neutron radii increase monotonically with the neutron number with some anomalies when the deformation changes suddenly. The so-called giant halo effect is preserved for the nuclei close to the neutron drip line.
The occupation probabilities in the continuum are important quantities to show the present pairing treatment effective for the treatment of the pairing in the continuum. While the occupation probabilities drop monotonically as the states deviate from the Fermi energy for the case of the constant pairing interaction, they show the characteristic behavior for the case of the delta function interaction. The occupation probabilities are large for those states, whose wave functions have large overlap with the wave functions below the Fermi surface. It would be interesting to compare with the results of the Hartree-Bogoliubov calculations for these nuclei.
The deformation varies largely for the Zr isotopes. The pairing correlations have an effect to reduce the deformation, which is clearly seen in our calculations. For those nuclei having small deformations when calculated without pairing, the pairing correlations make the nuclei spherical.
We have calculated the Zr isotopes to demonstrate the present RMF method with the deformation and the pairing correlations even for nuclei close to the drip lines. It is very interesting to calculate many nuclei in the whole mass regions with the present method. §5. Acknowledgments
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